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Abstract
In this paper, we construct a permutation group via a composition operation on some permutations
generated from the structure |𝜔𝑖 + 𝜔𝑗 |𝑚𝑜𝑑𝑝 for prime 𝑝 ≥ 5 and 𝑖 ≠ 𝑗 as defined by [1]. Thus,
providing a new method of constructing permutation group from existing ones.
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1. Introduction
Catalan sequence like the other sequences (e.g. Fibonacci and Pell sequences) has been one among
the most celebrated sequence and this can be attributed to the astonishing results that have prompt
out from the sequence. Martin Gardner describe the sequence as “they have the delightful property
for popping up unexpectedly, particularly in combinatorial problems” [2].
The study of Catalan number fully surfaced after the problem of triangulation of regular polygons
using the diagonals was resolved. The number (Catalan number) was described in the 18th century
by Leonhard Euler but named after the Belgian Mathematician Eugene Charles Catalan [3]. The
1
2𝑛
sequence is given by 𝐶𝑛 = 𝑛+1 ( ).
𝑛
A prominent area in which the application of this sequence is seen is in permutation. According to
[4] permutations of length n that avoids any fixed pattern of size three are counted by the Catalan
number.
Permutation been a mathematical technique used to determine the number of ways an object can
be arranged is governed by specific rules called pattern. Permutations designed to obey peculiar
pattern are said to contain the pattern otherwise are said to avoid the pattern. The existence of
permutation pattern such as the vincular pattern, the bivincular pattern, the mesh pattern, the
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Alternating pattern, and barred pattern to mention but few, subjected the study of permutations to
an area of combinatorics; the permutation statistics.
Permutation group sometimes referred to as symmetric group, is the group of permutations whose
permutations under a composition operation form a group. The symmetric group Sn has n! as the
number of ways in which the set {1,2,….,n} can be arranged i.e. is the group of all permutations
of the set {1,2,….,n}.
Aunu pattern 𝜔𝑖 named after the founders Audu and Aminu [5] is a permutation developed using
the Catalan sequence. [6] uses the Catalan numbers on a scheme of prime p: 5 ≤ 𝑝 ≤ 11 and Ω ⊆
ℕ to generate cycles of the Aunu permutations 𝜔𝑖 . This was possible via the modular operation
mod p. [7] Show that the pattern 𝜔𝑖 ∈ 𝐺𝑝 for prime 𝑝 ≥ 5 is a group by embedding the identity
{1} in 𝜔𝑖 . The classical pattern 123 and 132 of the Aunu permutations were also studied see [8],
[9], [10], [11], [12] and [13].
𝛤

[14] represented the Aunu pattern as 𝐺𝑝 1 and the characteristics results of the representation were
established. [15] established that every young tableaux of the Aunu permutation group is not
standard. [16] define an indiscrete topology on 𝔾𝑝′ and show that the group 𝔾𝑝′ is a toplogical
group. [1] define a discrete topology 𝜏 on 𝜔𝑖 and study some topological properties of (𝜔𝑖 , 𝜏).
[17] show that the permutation 𝜔𝑖 is Eulerian in its distribution.
Herein, we constructed a group of non-deranged permutations using the enhanced
permutations |𝜔𝑖 + 𝜔𝑗 |𝑚𝑜𝑑𝑝 \{2}.
2. Terminology
Definition of basic terms are given below:
Definition 1: A permutation 𝛼 on a set 𝑋 = {1,2, … . , 𝑛} is the bijection 𝜋(𝑖): 𝑋 → 𝑋. it is
1
2 .….. 𝑛
) and in one line notation
represented in two line notion as: 𝜋(𝑖) = (
𝜋(1) 𝜋(2) … … 𝜋(𝑛)
as 𝜋(𝑖) = ( 𝜋(1), 𝜋(2), . . . , 𝜋(n)) for 𝑖 = 1,2, … . , 𝑛.
1 2 3
Example. Let 𝑋 = (123). Then, 𝜑 = (
) is a permutation on 𝑋.
3 1 2
Permutation usually occur in two forms. Permutations with one or more points fixed and
permutations with no point fixed. A permutation that fixes no point is called deranged permutation
while non-derangement permutations are permutation with a fixed point (i.e. they fixes one point).
1 2 3 4
Example: 𝜑 = (
) (Deranged permutation).
3 1 4 2
1 2 3 4
𝜑=(
) (Non-deranged permutation).
4 2 1 3
Definition 2 (Congruency). If 𝑎, 𝑏, 𝑛 are integers, 𝑛 > 0, we said 𝑎 is congruent to 𝑏 modulo 𝑛 if
and only if 𝑛|(𝑎 − 𝑏). This is written as 𝑎 ≡ 𝑏(𝑚𝑜𝑑𝑛).
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Definition 3 (Aunu pattern). Aunu pattern is a non-deranged permutation whose first entry one (1)
is fixed.
The two line notation of this permutation pattern is commonly known as the 𝛤1-non deranged
𝛤
permutation and 𝐺𝑝 1 as its group. The Aunu permutation pattern was defined on the set Ω =
{1,2, … . , 𝑝} of primes 𝑝 ≥ 5. The permutation has a generating function:
𝜔𝑖 = (1 (1 + 𝑖)𝑚𝑜𝑑𝑝 (1 + 2𝑖)𝑚𝑜𝑑𝑝 . . . . . (1 + (𝑝 − 1)𝑖)𝑚𝑜𝑑𝑝 )
for 𝑖 = 1, 2, . . 𝑝 − 1.
Definition 4 (Binary Operation). Let X be a set. Consider the set S of maps 𝑋 → 𝑋, for 𝑓, 𝑔 ∈ 𝑆
define the composition 𝑔 ∘ 𝑓 for all 𝑥 ∈ 𝑋 by (𝑔 ∘ 𝑓)𝑥 = 𝑔(𝑓(𝑥)), then ∘ is a binary operation on
S.
Definition 5 (Group). Let G be a nonempty set and ∗ be a binary operation on G such that
∗∶ 𝐺 × 𝐺 → 𝐺.
Then (𝐺,∗) is a group under the operation ∗ if it satisfies the following axioms:
For all a, b ∈ G, (a ∗ b) is closed.
G is associative. That is for all a, b, c ∈ G, a ∗ (b ∗ c) = (a ∗ b) ∗ c.
G has an identity id. That is for all a ∈ G, id ∗ a = a ∗ id = a.
G has an inverse. That is for any a ∈ G , there exist 𝑎−1 ∈ G such that a ∗ 𝑎−1 = 𝑎−1 ∗ a = id.
The group is said to be Abelian if its elements commutes i.e. for any 𝑎, b ∈ G then a ∗ b = b ∗ a.
Definition 6 (Cyclic Group). A group G is said to be cyclic if G =< a >, for some a ∈ G. The
element a is called the generator of G.
3. Method of Construction
The structure |𝜔𝑖 + 𝜔𝑖 |𝑚𝑜𝑑𝑝 was adopted from [1] on which we define;
𝛼𝑘 = (2 (2 + 𝑘)𝑚𝑜𝑑𝑝 (2 + 2𝑘)𝑚𝑜𝑑𝑝 … … … … . . (2 + (𝑝 − 1)𝑘)𝑚𝑜𝑑𝑝 )
for k={1,2,…..p-1}, as the generating function for the permutations obtained from |𝜔𝑖 +
𝜔𝑗 |𝑚𝑜𝑑𝑝. Which we called the enhanced permutations.
Afterward a composition operation 𝛼𝑘 ∘ 𝛽 was defined on the permutation sets using the involution
𝛽 a member of the permutations 𝛼𝑘 .
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4. Results
Theorem: For any prime 𝑝 ≥ 5, and 𝜔𝑖 , 𝜔𝑗 ∈ 𝐺𝑝 , the expected numbers of fixed point
permutations generated by |𝜔𝑖 + 𝜔𝑗 |𝑚𝑜𝑑𝑝 is 𝑝 − 2.
Proof: By definition, 𝑚𝑜𝑑𝑛 partition the integer 𝑛 into 𝑛-classes. From which we can equally say
that |𝜔𝑖 + 𝜔𝑗 |𝑚𝑜𝑑𝑝 partition the addition modulus into 𝑝-classes. Thus, the permutation
set generated by |𝜔𝑖 + 𝜔𝑗 |𝑚𝑜𝑑𝑝 has the cardinality 𝑝 − 1, since |𝜔𝑖 + 𝜔𝑗 |𝑚𝑜𝑑𝑝 for 𝑗 = 𝑝 − 𝑖 is
not a permutation as proven by [1].
If we recall, of 𝑛! permutations, (𝑛 − 1)! fix a particular point. Similarly, we can say, of (𝑝 − 1)
permutations generated by |𝜔𝑖 + 𝜔𝑗 |𝑚𝑜𝑑𝑝, 𝑝 − 1 − 1 = 𝑝 − 2 fix a particular point.
Therefore, |𝜔𝑖 + 𝜔𝑗 |𝑚𝑜𝑑𝑝 generate 𝑝 − 2 set of non-deranged permutations.
Theorem: Let 𝛼𝑘 = {|𝜔𝑖 + 𝜔𝑗 |𝑚𝑜𝑑𝑝 ∖ {2}} for k=1,2….,p-1 be permutations generated from
|𝜔𝑖 + 𝜔𝑗 |𝑚𝑜𝑑𝑝. Then for any involution 𝛽 ∈ 𝛼𝑘 , the composition 𝛼𝑘 ∘ 𝛽 = {𝑠𝑚 } for m =
(k × n) modp with fixed n ∈ 𝑘 is a permutation group.
𝑝
.…………….
2
1
) define the two line notation
Proof: Let 𝛼𝑘 = (
𝑚𝑜𝑑𝑝 … … . . … …
(2 + (𝑝 − 1)𝑘)𝑚𝑜𝑑𝑝
2 (2 + 𝑘)
of 𝛼𝑘 for k={1,2,…..p-1}.
Then there exist an involution 𝛽 ∈ 𝛼𝑘 such that for any 𝑘 ∈ [1, … , 𝑝 − 1], the composition 𝛼𝑘 ∘ 𝛽
is unique.
Now, Let 𝑆 = {𝛼𝑘 ∘ 𝛽}, then for all 𝑠𝑖 , 𝑠𝑗 , 𝑠𝑙 ∈ 𝑆.
𝑠𝑖 ∘ 𝑠𝑗 is closed.
(𝑠𝑖 ∘ 𝑠𝑗 ) ∘ 𝑠𝑙 = (𝑠𝑗 ∘ 𝑠𝑙 ) ∘ 𝑠𝑖 . (Associativity)
There exist an 𝑠𝑞 ∈ 𝑆 such that 𝑠𝑞 ∘ 𝑠𝑖 = 𝑠𝑖 ∘ 𝑠𝑞 . (𝑠𝑞 is the identity element)
There exist an inverse 𝑠𝑚 ∈ 𝑆 such that for some 𝑠𝑙 , 𝑠𝑙 ∘ 𝑠𝑚 = 𝑠𝑚 ∘ 𝑠𝑙 = 𝑠𝑞 .
Thus, (𝑆,∘) is a group.
Example (Illustration). Let take p=5 for 𝜔𝑖 , 𝜔𝑗 ∈ 𝐺𝑝 , then
𝜔1 = (12345), 𝜔2 = (13524), 𝜔3 = (14253), 𝜔4 = (15432)
So that,
𝛼𝑘 = {|𝜔𝑖 + 𝜔𝑗 |𝑚𝑜𝑑𝑝 ∖ {2}} = {(23451), (24135), (25314), (21543)}
We see that there is an involution 𝛽 = (21543) so that the composition 𝛼𝑘 ∘ 𝛽 is
𝑠1 = 𝛼4 ∘ 𝛽 = (12345)
𝑠2 = 𝛼3 ∘ 𝛽 = (52413)
𝑠3 = 𝛼2 ∘ 𝛽 = (42531)
𝑠4 = 𝛼1 ∘ 𝛽 = (32154)
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So that 𝑆 = {𝑠1 , 𝑠2 , 𝑠3 , 𝑠4 } and (𝑆,∘) is a group. See the table below.
∘

𝑠1

𝑠2

𝑠3

𝑠4

𝑠1

𝑠1

𝑠2

𝑠3

𝑠4

𝑠2

𝑠2

𝑠1

𝑠4

𝑠3

𝑠3

𝑠3

𝑠4

𝑠1

𝑠2

𝑠4

𝑠4

𝑠3

𝑠2

𝑠1

Proposition: The group is (𝑆,∘) an Abelian group.
Proof: Let 𝑎, 𝑏 ∈ 𝑆. So that, 𝑎 ∘ 𝑏 = {𝑞1 , 𝑞2 … . , 𝑞𝑝 } ∈ 𝑆. We see that, 𝑎 ∘ 𝑏 = 𝑏 ∘ 𝑎 ∈ 𝑆. This
implies by definition that (𝑆,∘) is Abelian.
Proposition: The group is cyclic.
Proof: Let 𝑆 = {𝑠1 , 𝑠2 … . , 𝑠𝑝−1 }. Observe that, there exist a 𝑠𝑖 ∋ 𝑆 =< 𝑠𝑖 >Thus, (𝑆,∘) is cyclic.
Remark: The structure (𝑆,∘) inherit the cyclic property of its parent permutation group 𝐺𝑝 .
Conjecture: For any non-deranged permutation group, the permutations are composition of
members of a permutation set of the same length to an involution in the permutation set and the
involution to itself.
5. Conclusion
In this paper, we construct a non-deranged permutation group that is Abelian and of course
subgroup of the symmetric group 𝑆𝑛 using the definition|𝜔𝑖 + 𝜔𝑗 |𝑚𝑜𝑑𝑝. This generation method
can be applied to permutations of other types.
We recommend for further structural and functional study of |𝜔𝑖 + 𝜔𝑗 |𝑚𝑜𝑑𝑝 and the newly
constructed non-deranged permutation.
References
[1]
[2]
[3]
[4]

[5]

Suleiman I, Ibrahim A. A and Ejima O. (2019). On the Addition Modulus of the Aunu Pattern
𝜔𝑖 ∈ 𝐺𝑝 : An Investigation of Some Topological Properties. J Phys Math 10: 299.
Sam Miner and Igor Park, (2013). The Shape of Random Pattern-avoiding Permutations. Journal
of Advances in Applied Mathematics. Vol. 55, 86 -130.
Miklo’s Bona (2012), Surprising Symmetries in Objects Counted by Catalan Numbers. The
Electronic Journal of Combinatorics, 19, #p62.
Desantis D., Field R., Hough W., Jones B., Meissen R., Ziefle J., (2000). Permutations, Pattern
Avoidance, and the Catalan Triangle. Retrieved from
http://educ.jmu.edu/~jones3bc/catalanmjms.pdf.
Abba S., A.A Ibrahim and B.A Madu (2015), Some Applications of Special 123-avoiding/132avoiding Permutations to Combinatorics. Kastina Journal of National and Applied Science. Vol.4,
No.1

Http://www.granthaalayah.com ©International Journal of Research - GRANTHAALAYAH

[313]

[Suleiman et. al., Vol.8 (Iss.3): March 2020]

[6]

[7]
[8]
[9]
[10]

[11]

[12]

[13]

[14]
[15]
[16]
[17]

ISSN- 2350-0530(O), ISSN- 2394-3629(P)
Index Copernicus Value (ICV 2018): 86.20
DOI: 10.5281/zenodo.3742870

Garba A.I and Ibrahim A.A. (2009). A New Method Of Constructing A Variety Of Finite Group
Based On Some Succession Scheme. Proceeding of International Conference on Research and
Development. 2. 16.
Usman A. and Ibrahim A.A. (2011). A New Generating Function for Aunu Patterns: Application
in Integer Group modulo n. Nigerian Journal of Basics and Applied Science. 19(1):1 -4.
Ibrahim A.A (2007). An Enumeration Scheme on Some Algebraic Properties of a Special (132)avoiding Class of Permutation Pattern. Trend in Applied Research. 2(4), 334-340.
Abba, S., and Ibrahim, A.A., (2014). On Comparison of Aunu permutation pattern and generalized
permutation patterns using Wilf-equivalence. Mathematical Theory and Modeling. 4,5.
Abubakar, S.I, Shehu, S., Zaid, I., and Ibrahim, A.A., (2014). Some Polynomial Representation
Using the 123-avoiding class of the Aunu Permutation Pattern of Cardinality Five Using Binary
Codes. International Journal of Science and Engineering Research. Vol.5, Issues 8.
Aremu, K.O., Ibrahim, A.H., Buoro, S., and Akinola, F.A. (2017). Pattern Popularity in 𝛤1 -Non
deranged Permutation: An algebraic and Algorithmic Aproach. Anale.Seria Infomatica. Vol.XV
fasc 2. 115-122.
Usman, A., and Magami, M.S., (2015). An Analysis of Group Theoretic Properties of a Class of
(123)-avoiding pattern of Aunu Number using Thin Cycle Design. Mathematical Theory and
Modelling. Vol.5, No 5.
Chun, P.B., Ibrahim, A.A,. and Garba, A.I., (2016). Algebraic Theoretic Properties of the Nonassociative Class of (132)-Avoiding Patterns of Aunu Permutations: Applications in the Generation
and Analysis of a General Cyclic Code. Computer Science and Information Technology. 4(2): 4547.
Ibrahim, A.A, Ejima O., and Kazeem O.A. (2016). On the Representations of 𝛤1 -Nonderanged
Permutation Group 𝐺𝑝 . Advances in Pure Mathematics. 6, 608-614.
Garba, A.I., Ejima, O., Aremu, K.O., and Usman, H., (2017). Non-Standard Young Tableaux of 𝛤1
𝛤
Non-deranged Permutation Group 𝐺𝑝 1 . Global Journal of Mathematical Analysis. 5(1) 21-23.
Garba, A.I., Yusuf, A., and Hassan, A., (2018). Some Topological Properties of a Constructed
Structure. Journal of the Nigerian Association of Mathematical Physics. Vol.45, 21-26.
Garba, A.I, Mustafa, A. and Suleiman, I. (2019). On Some Permutation Statistics of the Aunu
Pattern 𝜔𝑖 ∈ 𝐺𝑝 . Annals Computer Science Series. Vol. XVII. Fasc-2. 36-38.

Http://www.granthaalayah.com ©International Journal of Research - GRANTHAALAYAH

[314]

